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GROWTH RATE OF AMPLE HEIGHTS AND THE
DYNAMICAL MORDELL-LANG CONJECTURE
KAORU SANO
Abstract. We provide an explicit formula on the growth rate of
ample heights of rational points under iteration of endomorphisms
of smooth projective varieties over number fields. As an appli-
cation, we give a positive answer to a variant of the Dynamical
Mordell-Lang conjecture for pairs of e´tale endomorphisms, which
is also a variant of the original one stated by Bell, Ghioca, and
Tucker in their monograph.
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1. Introduction
Let X be a smooth projective variety over Q and f : X −→ X a
surjective endomorphism of X over Q. Here, an endomorphism simply
means a self-morphism. Fix an ample divisor H on X over Q and take
a Weil height function hH : X(Q) −→ R associated with H . For a point
P ∈ X(Q), the arithmetic degree αf (P ) of f at P is defined by
αf (P ) := lim
n→∞
max{1, hH(fn(P ))}1/n.
It is known that the arithmetic degree αf(P ) is well-defined, and in-
dependent of the choice of H and hH ; see Remark 2.2. By using the
arithmetic degree, we can describe the growth rate of the ample heights
of rational points under the iteration of the endomorphism as follows.
2010 Mathematics Subject Classification. 37P55 (primary), 11G50 (secondary).
Key words and phrases. Arithmetic of dynamics, the dynamical Mordel-Lang
conjecture, the Weil height, the arithmetic degree.
1
2 KAORU SANO
Theorem 1.1. Let X be a smooth projective variety over Q and f : X −→
X a surjective endomorphism of X over Q. Let H be an ample divisor
on X over Q. Then for any point P ∈ X(Q) with αf(P ) > 1, there is
a non-negative integer tf(P ) ∈ Z≥0, positive real numbers C0, C1 > 0,
and an integer N0 such that
C0n
tf (P )αf(P )
n < hH(f
n(P )) < C1n
tf (P )αf (P )
n
for all n ≥ N0.
As an application of Theorem 1.1, we prove a variant of the Dynam-
ical Mordell-Lang conjecture (see Section 4 for details).
Theorem 1.2. Let X be a smooth projective variety over Q, and
f, g : X −→ X e´tale endomorphisms of X over Q. Let P,Q ∈ X(Q) be
points satisfying the following two conditions:
• αf (P )p = αg(Q)q > 1 for some p, q ∈ Z≥1, and
• tf (P ) = tg(Q), where tf (P ) and tg(Q) are as in Theorem 1.1.
Then the set
Sf,g(P,Q) := {(m,n) ∈ Z≥0 × Z≥0 | fm(P ) = gn(Q)}
is a finite union of the sets of the form
{(ai + biℓ, ci + diℓ) | ℓ ∈ Z≥0}
for some non-negative integers ai, bi, ci, di ∈ Z≥0.
We now briefly sketch the plan of this paper. In Section 2, we fix
some notation. In Section 3, we prove Theorem 1.1. In Section 4, we
provide backgrounds of Theorem 1.2, and recall known results related
to this theorem. In Section 5, we prove Theorem 1.2. It seems plau-
sible that we can generalize the assertion of Theorem 1.2 further. We
give a conjecture (Conjecture 4.6) generalizing Theorem 1.2, and some
evidence in Section 6. Furthermore, to see that the results given in
Section 6 support our conjecture, we give a definition of the double
canonical height in a special case (see the proof of Theorem 6.1).
2. Notation and definitions
Let X be a smooth projective variety, and f : X −→ X a surjective
endomorphism of X both over Q. We denote the group of divisors,
the Picard group, and the Ne´ron-Severi group by Div(X), Pic(X), and
NS(X), respectively. For a divisor D on X , fix a Weil height function
hD : X(Q) −→ R associated with D; see [HS, Theorem 8.3.2]. For
a C-divisor D =
∑r
i=1 aiDi (ai ∈ C, Di ∈ Div(X)), we put hD :=∑r
i=1 aihDi .
Definition 2.1. Let H be an ample divisor on X over Q, and P ∈
X(Q) a point. The arithmetic degree αf (P ) of f at P is defined by
αf (P ) := lim
n→∞
max{1, hH(fn(P ))}1/n.
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Remark 2.2. The existence of the arithmetic degree for surjective en-
domorphisms is proved by Kawaguchi and Silverman (see [KS2, Theo-
rem 3]). They also proved that αf(P ) is independent of the choice of
H and hH .
Definition 2.3. For a column vector v = t(x0, . . . , xN) ∈ CN+1, we set
‖v‖ := max
0≤i≤N
{|xi|}.
For a square matrix A = (ai,j) ∈MN+1(C), we similarly set
‖A‖ := max
0≤i,j≤N
{|ai,j|}.
We frequently use the following inequality
‖Av‖ ≤ (N + 1)‖A‖ · ‖v‖.
Definition 2.4. For sequences (an)n≥0 and (bn)n≥0 of positive real
numbers, we write an  bn if there is a positive real number C > 0 and
an integer N0 such that the inequality an ≤ C · bn holds for all n ≥ N0.
If both an  bn and bn  an hold, we write an ≍ bn.
3. Proof of Theorem 1.1
First, we give some lemmata on linear algebra. Then, we shall prove
Theorem 1.1.
For a non-negative integer ℓ ∈ Z≥0 and a complex number λ ∈ C, let
Λ :=


λ
1 λ O
1
. . .
O
. . . λ
1 λ


be the Jordan block matrix of the size (ℓ + 1) × (ℓ + 1). We put
N := Λ− λI.
Lemma 3.1. (a) When |λ| ≥ 1, we have ‖Λn‖ ≍ nℓ|λ|n.
(b) When |λ| < 1, we have ‖Λn‖ ≤ nℓ|λ|n−ℓ.
Proof. Note that
(
n
k
) ≍ nk and (n
k
) ≤ nk. Then both assertions follow
from the following equalities:
‖Λn‖ = ‖(λI +N)n‖
=
∥∥∥∥∥
n∑
k=0
(
n
k
)
λn−kNk
∥∥∥∥∥
=
∥∥∥∥∥
ℓ∑
k=0
(
n
k
)
λn−kNk
∥∥∥∥∥ since N ℓ+1 = 0
= max
0≤k≤ℓ
(
n
k
)
|λ|n−k.
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
Lemma 3.2. Assume |λ| > 1. For a non-zero column vector v =
t(x0, . . . , xℓ) ∈ Cℓ+1 \ {0}, we have
‖Λnv‖ ≍ nt|λ|n,
where we put
t := ℓ−min{i | 0 ≤ i ≤ ℓ, xi 6= 0}.
Proof. We may assume t = ℓ, so x0 6= 0. For a negative integer j < 0,
we set xj := 0. The asymptotic inequality ‖Λnv‖  nℓ|λ|n follows from
the following inequalities.
|(Λnv)j| =
∣∣∣∣∣
ℓ∑
k=0
(
n
k
)
λn−k(Nkv)j
∣∣∣∣∣
=
∣∣∣∣∣
ℓ∑
k=0
(
n
k
)
λn−kxj−k
∣∣∣∣∣
≤
j∑
k=0
nk · |λ|n · |xj−k|
≤ (ℓ+ 1) · nℓ · |λ|n · ‖v‖
The converse asymptotic inequality ‖Λnv‖  nℓ|λ|n follows from the
following asymptotic inequalities.
|(Λnv)ℓ| =
∣∣∣∣∣
ℓ∑
k=0
(
n
k
)
λn−kxℓ−k
∣∣∣∣∣
≥
(
n
ℓ
)
|λn−ℓx0| −
ℓ−1∑
k=0
∣∣∣∣
(
n
k
)
λn−kxℓ−k
∣∣∣∣
 nℓ|λ|n − nℓ−1|λ|n
 nℓ|λ|n.
Hence we conclude ‖Λnv‖ ≍ nℓ|λ|n. 
Let notation be the same as in Theorem 1.1. Let VH be the Q-vector
subspace of Pic(X)Q := Pic(X)⊗ZQ spanned by the set {(fn)∗H | n ≥
0}, and VH the image of VH in NS(X)Q := NS(X) ⊗Z Q. It is known
that VH is a finite dimensional Q-vector space (see the proof of [KS2,
Theorem 3]). We decompose the C-vector space (VH)C := VH⊗ZC into
Jordan blocks with respect to the C-linear map f ∗ : (VH)C −→ (VH)C:
(VH)C =
τ⊕
i=1
Vi.
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For each 1 ≤ i ≤ τ , let λi ∈ C be the eigenvalue of f ∗|Vi . By changing
the order of the Jordan blocks if necessary, we may assume
|λ1| ≥ |λ2| ≥ · · · ≥ |λσ| > 1 ≥ |λσ+1| ≥ · · · ≥ |λτ |
for some 0 ≤ σ ≤ τ . We put ℓi := dimC Vi − 1.
We take a C-basis {Di,j}0≤j≤ℓi of Vi satisfying the following linear
equivalences:
(3.1) f ∗Di,j ∼ Di,j−1 + λiDi,j (0 ≤ j ≤ ℓi),
where we set Di,−1 := 0. For each 1 ≤ i ≤ σ, let
ĥDi,j : X(Q) −→ C (0 ≤ j ≤ ℓi)
be unique functions satisfying the normalization condition
ĥDi,j = hDi,j +O(1) (0 ≤ j ≤ ℓi)
and the functional equation
ĥDi,j ◦ f = ĥDi,j−1 + λiĥDi,j (0 ≤ j ≤ ℓi)
(see [KS2, Theorem 5] for the existence of such functions).
For each 1 ≤ i ≤ τ , we set
hDi :=
t(hDi,0, hDi,1 , . . . , hDi,ℓi ).
For each 1 ≤ i ≤ σ, we set
ĥDi :=
t(ĥDi,0, ĥDi,1 , . . . , ĥDi,ℓi ).
Let Λi be the Jordan block matrix of size (ℓi + 1)× (ℓi + 1) associated
with the eigenvalue λi.
Lemma 3.3. For each σ + 1 ≤ i ≤ τ and a point P ∈ X(Q), we have
‖hDi(fn(P ))‖  nℓi+1.
Proof. By (3.1), there is a positive real number C0 > 0 such that the
inequality
‖hDi ◦ f − Λi · hDi‖ ≤ C0
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holds on X(Q). Therefore, there is a positive real number C1 > 0 such
that for every point P ∈ X(Q), the following inequalities hold:
‖hDi ◦ fn(P )‖ − ‖Λni · hDi(P )‖
≤ ‖hDi ◦ fn(P )− Λni · hDi(P )‖
≤
n−1∑
k=0
‖Λki · (hDi ◦ fn−k(P ))− Λk+1i · (hDi ◦ fn−k−1(P ))‖
≤
n−1∑
k=0
(ℓi + 1)‖Λki ‖ · ‖hDi(fn−k(P ))− Λi · hDi(fn−k−1(P ))‖
≤
n−1∑
k=0
(ℓi + 1)‖Λki ‖C0
≤
n−1∑
k=0
(ℓi + 1) · nℓi · |λi|k−ℓi · C0 by Lemma 3.1
≤ C1nℓi+1 because |λi| ≤ 1.
Furthermore, we have
‖Λni · hDi(P )‖ ≤ (ℓi + 1) · ‖Λni ‖ · ‖hDi(P )‖
≤ (ℓi + 1) · nℓi · |λi|n−ℓi · ‖hDi(P )‖ by Lemma 3.1
≤ (ℓi + 1) · nℓi · ‖hDi(P )‖ because |λi| ≤ 1.
Combining these inequalities, the assertion is proved. 
Lemma 3.4 (see [KS2, Lemma 18]). For a C-divisor D on X and a
point P ∈ X(Q), we have
max{1, hH(fn(P ))}  |hD(fn(P ))|.
Proof. The assertion is obviously true when the forward f -orbit of P
is a finite set. Hence, we may assume the forward f -orbit of P is an
infinite set. Thus we may assume
(3.2) hH(f
n(P ))→∞ (as n→∞).
Write D = Dr +
√−1Dc, where Dr and Dc are R-divisors on X . By
the triangle inequality, it is enough to prove the assertion for Dr and
Dc. Thus we may assume D is an R-divisor.
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Take a sufficiently large positive real number C > 0 such that CH±D
are ample. The function C ·hH−|hD| is bounded below onX(Q). There
is a (not necessarily positive) real number C ′ ∈ R satisfying
ChH(f
n(P ))− |hD(fn(P ))| ≥ C ′(3.3)
for all P ∈ X(Q). By (3.2) and (3.3), the assertion follows. 
Proof of Theorem 1.1. Write H in terms of the C-linear bases of (VH)C:
H =
τ∑
i=1
ℓi∑
j=0
ci,jDi,j (ci,j ∈ C).
Let P ∈ X(Q) be a point with αf (P ) > 1. If ĥDi(P ) = 0 for all
1 ≤ i ≤ σ, we have the following inequalities:
hH(f
n(P ))
≤
∣∣∣∣∣
σ∑
i=1
ℓi∑
j=0
ci,jĥDi,j (f
n(P ))
∣∣∣∣∣+
∣∣∣∣∣
τ∑
i=σ+1
ℓi∑
j=0
ci,jhDi,j (f
n(P ))
∣∣∣∣∣+O(1)
=
∣∣∣∣∣
τ∑
i=σ+1
ℓi∑
j=0
ci,jhDi,j (f
n(P ))
∣∣∣∣∣+O(1)
 nmaxi ℓi+1 by Lemma 3.3.
Thus we get
αf (P ) ≤ lim
n→∞
n(maxi ℓi+1)/n = 1.
But this contradicts αf (P ) > 1. Hence we get ĥDi(P ) 6= 0 for some
1 ≤ i ≤ σ.
We set
λ := max{|λi| | 1 ≤ i ≤ σ, ĥDi(P ) 6= 0}.
If ĥDi,j (P ) = 0, we set tf,i(P ) := −∞. Otherwise, we set
tf,i(P ) := ℓi −min{j | 0 ≤ j ≤ ℓi, ĥDi,j (P ) 6= 0}.
Finally, we set
tf(P ) := max{tf,i(P ) | λ = |λi|}.
Since ĥDi(P ) 6= 0 holds for some 1 ≤ i ≤ σ, we get tf (P ) 6= −∞. It is
enough to prove
hH(f
n(P )) ≍ ntf (P )λn.
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Note that λ = αf (P ) follows from this asymptotic inequality. We have
hH(f
n(P )) ≤
∣∣∣∣∣
τ∑
i=1
ℓi∑
j=0
ci,jhDi,j (f
n(P ))
∣∣∣∣∣+O(1)
(3.4)
≤
τ∑
i=1
ℓi∑
j=0
|ci,j| · |hDi,j (fn(P ))|+O(1)

τ∑
i=1
ℓi∑
j=0
|ci,j| · hH(fn(P )) by Lemma 3.4
 hH(fn(P )).
By the equality ĥDi(f(P )) = ΛiĥDi(P ) and Lemma 3.2, we get
(3.5) ‖ĥDi(fn(P ))‖ ≍ ntf,i(P )|λi|n (1 ≤ i ≤ σ).
Combining Lemma 3.3 and (3.5), we conclude
τ∑
i=1
ℓi∑
j=0
|ci,j| · |hDi,j(fn(P ))| ≍ ntf (P )λn.
The assertion follows from this asymptotic equality and (3.4). 
4. Backgrounds and general conjectures
Theorem 1.2 gives a positive answer to a variant of the Dynamical
Mordell-Lang conjecture for pairs of e´tale endomorphisms, which is a
variant of the original one stated by Bell, Ghioca, and Tucker (see
[BGT2, Question 5.11.0.4]). In [GTZ1] and [GTZ2], Ghioca, Tucker,
and Zieve studied similar problems for polynomial maps and got deeper
results. Moreover, they introduced some of reductions including Lemma
5.2 we use. In [GN], Ghioca and Nguyen also studied similar problems
for self-maps of semi-abelian varieties.
First, we recall a version of the Dynamical Mordell-Lang conjecture.
Note that there are several variants of the Dynamical Mordell-Lang
conjecture. Many results are obtained in various situations (see [BGT2]
for details).
Conjecture 4.1 (the Dynamical Mordell-Lang conjecture [GT, Con-
jecture 1.7]). Let X be a quasi-projective variety over C. Let f : X −→
X be an endomorphism of X over C. For any C-rational point P ∈
X(C) and any closed subvariety Y ⊂ X, the set
Sf(P, Y ) := {n ∈ Z≥0 | fn(P ) ∈ Y (C)}
is a union of finitely many sets of the form
{ai + bim | m ∈ Z≥0}
for some non-negative integers ai, bi ∈ Z≥0.
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In Section 5, we shall use the following result proved by Bell, Ghioca,
and Tucker, which is a special case of the Dynamical Mordell-Lang
conjecture.
Theorem 4.2 ([BGT1, Theorem 1.3]). If f : X −→ X is an e´tale
endomorphism, Conjecture 4.1 holds.
Furthermore, in [BGT2, Question 5.11.0.4], the following conjecture
is stated.
Conjecture 4.3 ([BGT2, Question 5.11.0.4]). Let X be a projective
variety over Q. Let H be an ample R-divisor on X over Q. Let
f, g : X −→ X be e´tale endomorphisms of X over Q such that f ∗H ≡
δfH and g
∗H ≡ δgH hold in NS(X)R for some δf , δg ∈ R>1. Then for
any points P,Q ∈ X(Q), the set
Sf,g(P,Q) := {(m,n) | fm(P ) = gn(Q)}
is a union of finitely many sets of the form
{(ai + biℓ, ci + diℓ) | ℓ ∈ Z≥0}
for some non-negative integers ai, bi, ci, di ∈ Z≥0
Bell, Ghioca, and Tucker proved a special case of Conjecture 4.3.
Theorem 4.4 ([BGT2, Theorem 5.11.0.1]). Conjecture 4.3 holds if
δf = δg.
Remark 4.5 (see [KS1, Theorem 2 (a), Proposition 7] for details). If
an ample R-divisor H satisfies f ∗H ≡ dH in NS(X)R for some d ∈ R>1,
the limit
ĥf,H(P ) := lim
n→∞
hH(f
n(P ))
dn
converges for all P ∈ X(Q) and satisfies
ĥf,H(f(P )) = dĥf,H(P )
and
(4.1) ĥf,H − hH = O(
√
hH).
The function ĥf,H is called the canonical height. Furthermore, the
following conditions are equivalent to each other:
• αf (P ) > 1,
• αf (P ) = d,
• ĥf,H(P ) 6= 0, and
• the forward f -orbit of P is an infinite set.
In the setting of Theorem 4.4, when the forward f -orbit of P or the
forward g-orbit of Q is finite, the assertion of Theorem 4.4 is obviously
true. By Remark 4.5, we have
αf(P ) = δf = δg = αg(Q) > 1
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in the remaining case. Thus, when X is smooth, Theorem 1.2 is a
generalization of Theorem 4.4. The assumption of Conjecture 4.3 seems
too strong. We propose a more general conjecture as follows.
Conjecture 4.6. Let X be a smooth projective variety over Q, and
let f, g : X −→ X be e´tale endomorphisms of X over Q. For points
P,Q ∈ X(Q) with αf (P ) > 1 and αg(Q) > 1, the following statements
hold.
(a) The set Sf,g(P,Q) is a finite union of the sets of the form
{(ai + biℓ, ci + diℓ) | ℓ ∈ Z≥0}
for some non-negative integers ai, bi, ci, di ∈ Z≥0.
(b) If logαf (P ) αg(Q) is irrational or tf (P ) 6= tg(Q), the set Sf,g(P,Q)
is finite.
The part (b) asserts that the hypotheses from Theorem 1.2 regarding
δf(P ), δg(Q), tf (P ), tg(Q) must met if the set Sf,g(P,Q) were infinite.
In Section 6, we give some examples of endomorphisms for which Con-
jecture 4.6 (b) hold.
5. Proof of Theorem 1.2
In this section we prove Theorem 1.2.
Lemma 5.1. To prove Theorem 1.2, we may assume p = q = 1.
Proof. We see that
Sf,g(P,Q) =
⋃
0≤i≤p−1
0≤j≤q−1
{(i+ pm, j + qn) | (m,n) ∈ Sfp,gq(f i(P ), gj(Q))}.
Thus to prove Theorem 1.2, it is enough to prove it for f p and gq. By
using Theorem 1.1 twice, we have
ntfp(P )αfp(P )
n ≍ hH(f pn(P ))
≍ (pn)tf (P )αf(P )pn
≍ ntf (P )αf(P )pn.
Similarly, we obtain
ntgq (Q)αgq(Q)
n ≍ ntg(Q)αg(Q)qn.
Hence combining with the assumption of Theorem 1.2 for f and g, we
get
tfp(P ) = tf(P ) = tg(Q) = tgq(Q),
αfp(P ) = αf(P )
p = αg(Q)
q = αgq(Q).
Hence our assertion follows. 
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Lemma 5.2. To prove Theorem 1.2 in the case p = q = 1, it is enough
to prove
sup
(m,n)∈Sf,g(P,Q)
|m− n| <∞.
Proof. We set
M := sup
(m,n)∈Sf,g(P,Q)
|m− n|.
Then we have
Sf,g(P,Q) =
⋃
0≤k≤M
{(m,m+ k) ∈ Sf,g(P,Q) | m ∈ Z≥0}
∪
⋃
1≤k≤M
{(n+ k, n) ∈ Sf,g(P,Q) | n ∈ Z≥0}.
Let f × g : X × X −→ X × X be the product of the endomorphisms
f, g. Let ∆ ⊂ X ×X be the diagonal. Then we have
(m,m+ k) ∈ Sf,g(P,Q)⇔ fm(P ) = gm+k(Q)
⇔ (f × g)m(P, gk(Q)) ∈ ∆.
Since f × g is e´tale, the Dynamical Mordell-Lang conjecture is true for
f × g by Theorem 4.2. Hence the set
{(m,m+ k) ∈ Sf,g(P,Q) | m ∈ Z≥0}
is a finite union of the sets of the form
{(ai + biℓ, ai + biℓ+ k) | ℓ ∈ Z≥0}
for some non-negative integers ai, bi ∈ Z≥0. Similarly, the set
{(n+ k, n) ∈ Sf,g(P,Q) | n ∈ Z≥0}
is a finite union of the sets of the form
{(ci + diℓ+ k, ci + diℓ) | ℓ ∈ Z≥0}
for some non-negative integers ci, di ∈ Z≥0. Thus the assertion follows.

Remark 5.3. Lemma 5.2 is the only part where the assumption of
the e´taleness of f, g is used. So Theorem 1.2 is true if the Dynamical
Mordell-Lang conjecture (Conjecture 4.1) is true for the endomorphism
f p × gq : X ×X −→ X ×X
and the diagonal ∆ ⊂ X ×X .
Proof of Theorem 1.2. By Lemma 5.1, we may assume p = q = 1. By
Theorem 1.1, there are positive real numbers C0, C1, C2, C3 > 0 such
that the inequalities
C0m
tf (P )αf (P )
m ≤ hH(fm(P )) ≤ C1mtf (P )αf (P )m,
C2n
tg(Q)αg(Q)
n ≤ hH(gn(Q)) ≤ C3ntg(Q)αg(Q)n
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hold except for finitely many m and n. Suppose fm(P ) = gn(Q) with
m ≥ n. Then we get
(m/n)tf (P )αf(P )
m−n ≤ C3/C0
because tf(P ) = tg(Q) and αf (P ) = αg(Q) by assumption. Hence we
get
(5.1) αf(P )
m−n ≤ C3/C0.
Since αf(P ) > 1, the inequality (5.1) holds only for finitely many values
of m− n. By the same argument for the case m < n, we conclude
sup
(m,n)∈Sf,g(P,Q)
|m− n| <∞.
Hence by Lemma 5.2, the proof of Theorem 1.2 is complete. 
6. Some evidence for Conjecture 4.6
In this section, we prove the following theorem which gives some
evidence for Conjecture 4.6 (b).
Theorem 6.1. Let X be a smooth projective variety over Q. Let
f, g : X −→ X be surjective endomorphisms on X over Q. Assume
that f commutes with g, and there is an ample R-divisor H on X over
Q such that f ∗H ≡ dH in NS(X)R for some d ∈ R>1. Let P,Q ∈ X(Q)
be points with αf (P ) > 1 and αg(Q) > 1. Assume that logαf (P ) αg(Q)
is an irrational real number. Then the set Sf,g(P,Q) is finite.
Proof of Theorem 6.1. It is enough to prove that once fm0(P ) = gn0(Q)
is satisfied for some m0 and n0, we have f
m+m0(P ) 6= gn+n0(Q) for all
(m,n) ∈ Z2≥0 \ {(0, 0)}. Therefore, it is enough to prove that for every
point R ∈ X(Q), we have fm(R) 6= gn(R) for all (m,n) ∈ Z2≥0\{(0, 0)}.
Fix a Weil height function hH associated with H so that hH ≥ 1.
By Theorem 1.1, there are positive real numbers C0 > 0 and C1 > 0
satisfying
(6.1) C0n
tg(R)αg(R)
n ≤ hH(gn(R)) ≤ C1ntg(R)αg(R)n
for all n ∈ Z≥1. We set
ĥf,g,H(R) := lim inf
n→∞
ĥf,H(g
n(R))
ntg(R)αg(R)n
.
From (4.1) and (6.1), we have
ĥf,g,H(R) = lim inf
n→∞
hH(g
n(R))
ntg(R)αg(R)n
≥ C0 > 0.
Since the asymptotic behavior of hH(g
n(R)) does not depend on the
choice of an ample divisor H and a height function hH , one can see
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that
hH(g
n ◦ f(R)) = hH(f ◦ gn(R))
= hf∗H(g
n(R)) +O(1)
≍ ntg(R)αg(R)n,
where the first equality follows from the commutativity of f and g.
This asymptotic equality means that we have tg(f(R)) = tg(R) and
αg(f(R)) = αg(R). Hence the functional equations
ĥf,g,H(f(R)) = αf (R)ĥf,g,H(R),
ĥf,g,H(g(R)) = αg(R)ĥf,g,H(R)
hold (see Remark 4.5). Thus, if we have fm(R) = gn(R), we get
αf(R)
mĥf,g,H(R) = ĥf,g,H(f
m(R))
= ĥf,g,H(g
n(R))
= αg(R)
nĥf,g,H(R).
Hence αf (R)
m = αg(R)
n. This equality can hold only when m = n = 0
since we are assuming logαf (R) αg(R) is an irrational real number. 
Acknowledgments
The author is grateful for the Top Global University project for
Kyoto University (abbrev. KTGU project). With the support of the
KTGU project, the author had a chance to visit Professor Joseph H.
Silverman during February-April, 2017 and October-November 2017.
The author would appreciate his hospitality when the author was stay-
ing at Brown University. These were great opportunities to discuss
the research and to consider the future works. The author would like
to thank Professor Tetsushi Ito for carefully reading an early version
of this paper and pointing out some inaccuracies. The author would
also like to thank Takahiro Shibata who suggested a variant of the
Dynamical Mordell-Lang conjecture to the author.
References
[BGT1] Bell, J. P., Ghioca, D., and Tucker, T. J., The Dynamical Mordell-Lang
problem for e´tale maps, Amer. J. Math. 132 (2010), 1655-1675.
[BGT2] Bell, J. P., Ghioca, D., and Tucker, T. J., The Dynamical Mordell-Lang
Conjecture Mathematical Surveys and Monographs 210, Amer. Math. Soc.,
Providence, RI, (2016).
[GN] Ghioca, D. and Nguyen K. D., The orbit intersection problem for linear spaces
and semiabelian varieties, Math. Res. Lett., 24 (2017), no. 5, 1263–1283.
[GT] Ghioca, D. and Tucker, T. J., Periodic points, linearizing maps, and the
dynamical Mordell-Lang problem, J. Number Theory 129 (2009), 1392-1403.
14 KAORU SANO
[GTZ1] Ghioca, D., Tucker, T. J., and Zieve, M. E., Intersections of polynomial
orbits, and a dynamical Mordell-Lang conjecture, Invent. math. 171 (2008),
463–483.
[GTZ2] Ghioca, D., Tucker, T. J., and Zieve, M. E., Linear relations between poly-
nomial orbits, Duke Math. J., 161 (2012), no. 7, 1379-1410.
[HS] Hindry, M. and Silverman, J. H., Diophantine Geometry: An Introduction,
volume 201 of Graduate Texts in Mathematics. Springer-Verlag, New York,
2000.
[KS1] Kawaguchi, S. and Silverman, J. H., Examples of dynamical degree equals
arithmetic degree, Michigan Math. J. 63 (2014), no. 1, 41-63.
[KS2] Kawaguchi, S. and Silverman, J. H., Dynamical canonical heights for Jor-
dan blocks, arithmetic degrees of orbits, and nef canonical heights on abelian
varieties, Trans. Amer. Math. Soc. 368 (2016), 5009-5035.
Department of Mathematics, Faculty of Science, Kyoto University,
Kyoto 606-8502, Japan
E-mail address : ksano@math.kyoto-u.ac.jp
